We present mixed maximally entangled states in d ⊗ d ′ (d ′ ≥ 2d) spaces. This result is beyond the generally accepted fact that all maximally entangled states are pure. These states possess important properties of the pure maximally entangled states in d ⊗ d systems, for example, they can be used as a resource for faithful teleportation, their local distinguishability property is also the same as the pure states case. On the other hand, one advantage of these mixed maximally entangled states is that the decoherence induced by certain noisy quantum channel does not destroy their entanglement. Thus one party of these mixed states can be sent through this channel to arbitrary distance while still keeping them as a valuable resource for quantum information processing. We also propose a scheme to prepare these states and confirm their advantage in NMR physical system.
We present mixed maximally entangled states in d ⊗ d ′ (d ′ ≥ 2d) spaces. This result is beyond the generally accepted fact that all maximally entangled states are pure. These states possess important properties of the pure maximally entangled states in d ⊗ d systems, for example, they can be used as a resource for faithful teleportation, their local distinguishability property is also the same as the pure states case. On the other hand, one advantage of these mixed maximally entangled states is that the decoherence induced by certain noisy quantum channel does not destroy their entanglement. Thus one party of these mixed states can be sent through this channel to arbitrary distance while still keeping them as a valuable resource for quantum information processing. We also propose a scheme to prepare these states and confirm their advantage in NMR physical system. Introduction.-In the past few years much effort has been put into studying the entanglement of quantum systems both qualitatively and quantitatively [1, 2, 3] . Entangled states play a central role in quantum information and quantum computation [4, 5] . The maximally entangled states are especially important for quantum information processing such as teleportation [6] , superdense coding [7] , quantum computation [5, 8] and E91 protocol of quantum cryptography [9] , etc. Experimentally people try continuously to improve the quality of the entangled states by entanglement distillation and purification with which one can create a small set of highly entangled states from a large set of less entangled states (pure or mixed) [10] . Generally it is believed that the quantity of entanglement in a mixed state can be increased by purifying it toward a pure maximally entangled state which is close to this mixed state. The reason is simply because that all known maximally entangled states are pure. Actually Cavalcanti et al. [11] have proved that all maximally entangled states are pure in bipartite d ⊗ d systems. The question is: Is it true that all maximally entangled states are pure? If a mixed maximally entangled state exists, does it have any advantages and how to prepare it in a physical system?
In this Letter, we introduce a class of mixed states in
Hilbert spaces which are maximally entangled. For this system, a pure maximally entangled state is |φ =
|ii . It is apparent that the entanglement of a mixed state in this system can not be larger than this pure state. If a mixed state has the same entanglement quantified by a certain entanglement measure as this pure maximally entangled state, we call it mixed maximally entangled state. One key application of the pure maximally entangled state is perfect teleportation [6] . It is widely known if a mixed state is used, a quantum state will not be teleported faithfully. However, this is only true for case of mixed state which is not maximally entangled. For mixed maximally entangled states presented in this Letter, we will show that a perfect teleportation can be realized. We then find that for a special quantum channel, the decoherence does not destroy the entanglement of these states. Thus they can be transferred through this channel to arbitrary distance and the resultant states can still be used for many quantum information processing tasks. We also propose a physical system to create this kind of states and study their local distinguishability.
Mixed maximally entangled state.
without loss of generality. The entanglement is quantified by entanglement of formation which is a well-accepted entanglement measure [12] . For a pure state |ψ AB shared by distant parties A and B, the entanglement of formation E is defined as the von Neumann entropy of either of the two subsystems: E(|ψ AB ) = −Tr(ρ A(B) log 2 ρ A(B) ), where ρ A(B) = tr B(A) (|ψ AB ψ|) is the reduced density matrix. For a mixed state ρ AB , the entanglement of formation is defined as the average entanglement of the pure states
To show the existence of the mixed maximally entangled state, we need the following two lemmas that can be proved easily: 
Proof: If a pure state |ψ is of the form (1), the entanglement of formation is E(|ψ ) = log 2 d. In terms of the Lemma 1, the state |ψ is maximally entangled. We next prove the sufficiency condition. If the state |ψ is maximally entangled, from Schmidt decomposition theorem and Lemma 1, |ψ can always be written as |ψ =
where |V j and |W j are orthonormal basis with respect to subsystems A and B, respectively. Due to the orthonormal completeness of {{|i A }} and {|V j }, the orthonormal basis V j can also be represented as
where U , with entries U ji , is a unitary matrix. The bipartite pure state |ψ can be then written as |ψ =
We now give an example of mixed maximally entangled state of 2 ⊗ 4 bipartite systems, ρ=
(|02 + |13 ) are both 2 × 4 maximally entangled pure states. Suppose that {q i , |φ i } is an arbitrary pure-state decomposition of ρ, ρ = i q i |φ i φ i |. Then the general decomposition |φ i can be given by
, and E(|φ i ) = 1. Therefore, ρ AB is a mixed maximally entangled state by the Lemma 2.
Generally we can obtain the following theorem about mixed maximally entangled states.
mixed state ρ is maximally entangled if and only if
where
|i ⊗ |i m , {|i } and {|i m } are orthonormal basis of the subsystems A and B respectively, satisfying j n |i m = δ ij δ nm .
Proof: If the mixed state ρ has the pure-state decomposition (2), then there exists a set of coefficients {x nm } such that a general decomposition {q n , |w n } of ρ is given by |w n = m x nm |ψ m , n = 1, . . . , l. with m |x nm | 2 = 1. One can check that
We obtain E(|w n ) = log 2 d for an arbitrary pure-state decomposition {q n , |w n } of ρ. Therefore from Lemma 1 and Lemma 2 we deduce that the mixed state ρ is maximally entangled.
If the d × d
′ bipartite mixed state ρ is maximally entangled, then in terms of Lemma 2 all states in the pure state decomposition of ρ are maximally entangled. Hence, the eigenvectors of ρ are also maximally entangled. In terms of Lemma 3 the eigenvectors of ρ are of the form,
|i ⊗ |φ im , where p m is the mth eigenvalue, {|i } and {|φ im } are orthonormal basis of subsystems A and B respectively, i.e., φ jm |φ im = δ ij . Then a general decomposition {q n , |u n } of ρ is given by,
k is the rank of ρ AB , and (U ) nm = U nm is an l × l unitary matrix with l ≥ k. Because of the maximal entanglement in |u n , the state |Φ in is orthonormal with respect to i. Then we can get
the arbitrariness of the unitary U , one can obtain that φ im ′ |φ jm = 0 for j = i and m = m ′ , and i m |i m ′ = 0 for m = m ′ by choosing proper coefficients U nm [13] . This conclusion gives rise to that φ jm ′ |φ im = δ ij δ mm ′ , which implies that the dimension d ′ of subsystem B must be greater or equal to 2d. Remark. For other entanglement measures such as negativity [14] , the theorem also holds. From the theorem we see that, if the rank of a mixed maximally entangled state ρ of d ⊗ d ′ system is k, d ′ must be greater or equal to kd. For the case k = 1, ρ becomes a maximally entangled pure state. It is also an evidence that there do not exist mixed maximally entangled states in d ⊗ d systems [11] .
Teleportation with mixed maximally entangled state.-The mixed maximally entangled states can be used for quantum teleportation, one of the most important examples of quantum information processing, where an unknown quantum state is transferred form one place to another by local measurement on previously shared entanglement and classical communication between the sender and the receiver. Among entangled states, the pure maximally entangled state can perform faithful teleportation. Now we show that the mixed maximally entangled state in the above section can also be used as a perfect teleportation resource.
Suppose Alice and Bob initially share a pair of particles, A 2 and B, in a mixed maximally entangled state of 2d ⊗ d system,
(|i, i j, j|) + |d + i, i d + j, j|).
Alice wants to send an unknown state of particle A 1 ,
, to Bob by performing a complete von Neumann measurement in the generalized Bell states on the joint system of particles A 1 and A 2 and informing Bob the result of measurement by classical communication.
First, we define some operators so as to obtain the generalized Bell states [15] . Let h and g be d × d matrices such that h|j = |(j + 1)mod d , g|j = ω j |j , with ω = exp{−2iπ/d}. We can introduce 
The last equation is obtained by using (3).
To teleport the unknown state |ψ A1 to Bob, Alice can make a complete von Neumann measurement using the states {|Φ i st } on the joint system consisting of particles A 1 and A 2 . Then she announces her measurement result, s, t and i, to Bob via classical communication. Bob can then transform the state of his particle into |ψ A1 by applying the corresponding operation U st . This means the mixed maximally entangled state χ A2B can also be used as a resource for perfect teleportation. This is different from the usual concept in which the general mixed state ρ in d ⊗ d system can not be used to teleport an unknown state |ψ in d-dimension with unit fidelity [15, 17] . Since the fully entanglement fraction of a mixed state ρ is F (ρ) = max U Φ|(I ⊗U † )ρ(I ⊗U )|Φ < 1, where |Φ = 
which is a mixed maximally entangled state. This state may be realized in MMR system. The material used can be isotope N 15 in which the nuclear spin is 1/2 and the external electron spin is 3/2 thus constitute a 2 ⊗ 4 system. Or we may choose material HC 2 in which H is spin-1/2 and two isotope C13s provide spin-3/2 thus we still have a 2 ⊗ 4 system [18] . To make sure that the state preparation is successful, we propose to use separate measurements followed by comparison instead of global measurement which is generally more difficult. The measurements should be in both {|i } 1 i=0 ⊗ {|j } 3 j=0 basis and a basis with a rotation on both sides. The procedure for separate measurements and comparison is similar as the local distinguishability procedure which will be presented in next section.
Due to the interactions with the environment in preparation and transmission, the entangled pure states usually become mixed ones and no longer maximally entangled. Recently the entanglement evolution under the influence of local decoherence has been studied extensively [19, 20] which is useful in protocols of state transfer with entanglement. Considering the results in this Letter, we may prepare the mixed maximally entangled state as ρ = (1 − p)|ψ 1 ψ 1 | + p|ψ 2 ψ 2 |, where
(|02 + |13 ), p is the probability. Then let one subsystem undergoes a certain noisy channel defined as $(ρ) = M 1 ρM † 1 + M 2 ρM † 2 , the output state is always a maximally entangled state which still possesses key properties as like a pure maximally entangled state. The decoherence induced by the channel does not destroy the entanglement thus the state can be sent to arbitrary distance. The resultant state is useful for many quantum information processing tasks like perfect teleportation. Note also channel $ generally decreases the entanglement of states like |Φ = 3 i=0 |ii /2. To realize experimentally the quantum channel $ so as to test the advantage of the state, we need an ancillary state. Then according to the Kraus operators of the channel $, perform the corresponding unitary transformation. Finally we need to check whether the output state $(ρ) is still in form ρ.
Local distinguishability of the mixed maximally entangled states.-Local distinguishability describes the property of states shared by distant parties which are discriminated by only local operations and classical communication [21, 22] . We start from a simple example: We have a set of mixed maximally entangled states {ρ(Φ ± ), ρ(Ψ ± )}, where ρ(
(|01 ±|10 ) are four Bell states, and correspondingly we denote |Φ
(|03 ±|12 ). We can find that any two states from this set can be locally distinguished with certainty, this is similar as the case of four Bell states. Let us explain briefly this result: Suppose we have two states ρ(Φ + ), ρ(Ψ + ) shared by parties Alice and Bob, Alice and Bob preform measurements in computation basis {|0 , |1 } and {|j } 3 j=0 , respectively. Without loss of generality, we suppose Alice makes the measurement first, and suppose also that Alice finds the state in her side is |0 , the state in Bob's side will collapse to (|0 0| + |2 2|)/2 or (|1 1| + |3 3|)/2 for case ρ(Φ + ) or case ρ(Ψ + ), respectively. Obviously Bob can distinguish those two states. If the two states are ρ(Φ ± ), Alice and Bob may make first a Hadamard transformation then do the measurements in computational basis. With classical communication, they can distinguish those two states.
We then present a general result about the local distinguishability of the mixed maximally entangled states. We denote χ st = The proof of this theorem is similar as the case of pure maximally entangled states as in [22] . We introduce the generalized Hadamard transformations as {H α } With mixed maximally entangled states, similar studies can be made for other information processing tasks such as superdense coding, quantum computation, cryptography, entanglement swapping and remote state preparation.
Conclusions.-We have shown explicitly the mixed maximally entangled states exist in d ⊗ d ′ (d ′ ≥ 2d) Hilbert spaces. A protocol to teleport faithfully an unknown d-dimensional state by resource of a mixed maximally entangled state in d ⊗ 2d is presented. For certain quantum channel, the induced decoherence does not destroy the entanglement thus these mixed maximally entangled states can be transferred to arbitrary distance through this channel and still can be used for quantum information tasks. We also proposed a scheme to prepare these states in NMR physical system and a simple measurement method. Furthermore, it is shown that any l mixed maximally entangled states of the set {(U st ⊗ I)ρ AB (U † st ⊗ I)} can be discriminated perfectly by local operations and classical communication. 
